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SEMIRINGS WHICH HAVE LINEARLY ORDERED PRIME
IDEALS
H. BEHZADIPOUR AND P. NASEHPOUR
Abstract. As a generalization of valuation semirings, the main purpose of this
paper is to investigate those semirings that their prime ideals are totally ordered
by inclusion. First, we prove that the prime ideals of a semiring S are linearly
ordered if and only if for each x, y ∈ S, there is a positive integer n such that either
x|yn or y|xn. Then we introduce and characterize pseudo-valuation semidomains.
It is shown that prime ideals of pseudo-valuation semidomains and also divided
ones are linearly ordered.
0. Introduction
In this paper, we continue our investigations in valuation semirings and divided
semidomains discussed in [2] and their generalizations. Since, the language of semir-
ing theory is not standardized, we begin our paper with introducing some concepts
and terminologies in semiring theory.
In this paper, by a semiring, we mean an algebraic structure (S,+, ·, 0, 1) with
the following properties:
(1) (S,+, 0) and (S, ·, 1) are commutative monoids, where 1 6= 0,
(2) a(b+ c) = ab+ ac and a · 0 = 0 for all a, b, c ∈ S.
A semiring S is called semidomain if it is multiplicatively cancellative, i.e. ab = ac
implies b = c for all a, b, c ∈ S with a 6= 0. Using techniques adapted from ring
theory, it is straightforward to show that if S is a semidomain, then S can be
embedded in a semifield, called its semifield of fractions, denoted by F (S) (p. 22 in
[5]). In fact, the localization of the semidoamin S at S − {0} is the semifield F (S)
(for more details on this, see §11 in [6]).
A nonempty subset a of a semiring S is said to be an ideal of S, if x + y ∈ a
for all x, y ∈ a and sx ∈ a for all s ∈ S and x ∈ a [3]. An ideal a of S is proper
if a 6= S. A proper ideal p of a semiring S is prime if ab ∈ p implies either a ∈ p
or b ∈ p. A proper ideal m of a semiring S is a maximal ideal of the semiring S if
there are no other ideals to be properly between m and S. It is said that (S,m) is
a local semiring if S is a semiring and m is the only maximal ideal of S. If a and b
are elements of an arbitrary semiring S, it is said that b divides a or is a divisor of a
and written b | a, if there exists an element x ∈ S such that a = bx. Note that this
is equivalent to say that (a) ⊆ (b). For more on the ideals of semirings, see [13, 14].
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A semidomain is a valuation semiring if and only if its lattice of ideals is a chain,
i.e., its ideals are totally ordered by induction (see Theorem 2.4 in [15]). As a
generalization of valuation semirings, we discuss those semirings that their prime
ideals are totally ordered by inclusion. Similar to [1], in Theorem 1, we prove that
the prime ideals of a semiring S are linearly ordered if and only if for each x, y ∈ S,
there is a positive integer n such that either x|yn or y|xn. It is worth mentioning
that with the help of this statement, in Theorem 3, we show that a semidomain is a
valuation semiring if and only if it is a GCD semidomain which has prime ideals that
are linearly ordered. This is exactly the semiring version of a result by Vasconcelos
in [17], though our proof is similar to Badawi’s proof in [1] which is different from
the proof given by Vasconcelos.
Based on the papers [1, 10], we introduce pseudo-valuation semidomains as follows
(see Definition 4): We define a prime ideal p of a semiring S to be strongly prime
if whenever x, y ∈ F (S) and xy ∈ p, then x ∈ p or y ∈ p. We define a semidomain
S pseudo-valuation semidomain (abbreviated as PVS) if every prime ideal of S is
strongly prime. Then we prove that pseudo-valuation semidomains are examples for
those semirings that have linearly ordered prime ideals (check Proposition 8).
In Theorem 9, we show that a semidomain S is a PVS if and only if S is local and
the only maximal ideal m of the semiring S is strongly prime. We also show that
if (S,m) is a local semidomain, then, S is a PVS if and only if for every x ∈ F (S),
either xS ⊆ m or m ⊆ xS (see Theorem 11). It is worth mentioning that in Theorem
12, we give another characterization of pseudo-valuation semidomains.
In Theorem 13, we show that if (S,m) is a local semidomain and for each x ∈ F (S),
xm ⊆ m or m ⊆ xm, then the set of prime ideals of S is linearly ordered.
Another family for semirings which have linearly ordered prime ideals is the family
of divided semidomains introduced in [2] (see Corollary 15). Finally, in Theorem
14, we prove that a semidomain S is divided if and only if for each x, y ∈ S, either
x|y or y|xn for some n ≥ 1.
Semirings are important ring-like structures with many applications in computer
science and engineering [7, p. 225] and considered to be interesting generalizations
of bounded distributive lattices and rings [6, Example 1.5]. For more on semirings
and their applications, one may refer to [4, 5, 6, 7, 8, 9, 11, 12].
1. Semirings whose prime ideals are totally ordered by inclusion
Let us recall that if a is an ideal of a semiring S, V(a) is defined to be the set of
all prime ideals p of S such that p ⊇ a. The radical of an ideal a, denoted by √a, is
the intersection of all prime ideals containing it. So,
√
a = ∩V(a). Krull’s Theorem
for semirings (see Proposition 7.28 in [6]) states that
√
a = {s ∈ S : ∃ n ∈ N (sn ∈ a)}.
Similar to ring theory, we say an ideal a of a semiring S is radical if
√
a = a.
For example, it is easy to see that if p1, . . . , pn are prime ideals of S, then the ideal
a =
∏
n
i=1
pi is a radical ideal of S. The following is the semiring version of Theorem
1 in [1]:
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Theorem 1. Let S be a semiring. The following statements are equivalent:
(1) The prime ideals of S are linearly ordered.
(2) The radical ideals of S are linearly ordered.
(3) Each proper radical ideal of S is prime.
(4) The radical of the principal ideals of S are linearly ordered.
(5) For each x, y ∈ S, there is an n ≥ 1 such that either x|yn or y|xn.
Proof. (1) ⇒ (2): Suppose that a is a proper ideal of S. By Krull’s Theorem for
semirings, the radical of an ideal equals the intersection of all prime ideals containing
it. Now, since the prime ideals of S are linearly ordered, the intersection of all the
primes containing a is the minimum prime among all primes of S over a.
(2) ⇒ (3): Let a be a proper ideal of S. Similar to the proof of the implication
(1) ⇒ (2), we see that the radical √a of the ideal a equals to the minimum prime
ideal over a.
(3) ⇒ (1): Let p, q be two distinct prime ideals of S and consider the ideal
a = p∩ q. Therefore, by Proposition 7.30 in [6], √a = a, and so by assumption, a is
a prime ideal of S. Now, since pq ⊆ p ∩ q, it is obvious that either p ⊂ q or q ⊂ p.
The statement (2)⇒ (4) requires no comment.
(4) ⇒ (5): Let x, y ∈ S. By assumption, either √(x) ⊆ √(y) or √(y) ⊆ √(x).
Therefore, either xk ∈ (y) for some k ∈ N or yl ∈ (x) for some l ∈ N. Now, let
n = max{k, l}. It is clear that either x|yn or y|xn.
(5) ⇒ (1): Let p, q be two distinct prime ideals of S with x ∈ p − q. Therefore,
for every y ∈ q there is an n ≥ 1 such that x|yn. This implies that y ∈ p. 
Remark 2. A ring is called uni-serial if its lattice of ideals is a chain [16]. Similarly,
we define a semiring to be uni-serial if its ideals are totally ordered by inclusion. The
fuzzy semiring (I = [0, 1],max,min) is an example of a proper uni-serial semiring
(for a proof, see Example 2.5 in [15]). Note that the prime ideals of the uni-serial
semirings are linearly ordered and such semirings are examples for Theorem 1. We
also mention that a semiring S is, by definition, proper if S is not a ring (see p. 9
in [9]).
Let us recall that a and b in a semiring S are associates if a = ub for some unit
u ∈ U(S). A semidomain S is said to be a GCD semidomain if gcd(a, b) exists for
any a, b ∈ S, whenever at least one of the elements a and b is nonzero [13, Definition
4.4]. Also, note that a semidomain S is a valuation semiring if and only if for any
a and b in S either a divides b or b divides a [15, Theorem 2.4]. W.V. Vasconcelos
shows that if A is a commutative domain, then A is a valuation domain if and only
if it is a GCD domain and the prime ideals are linearly ordered [17, Proposition A].
Now we prove its semiring version as follows:
Theorem 3. Let S be a semidomain. Then, S is a valuation semiring if and only
if S is a GCD semidomain which has prime ideals that are linearly ordered.
Proof. It is clear that if S is a valuation semiring, then S is a GCD semidomain.
Now suppose that x, y are two nonzero nonunit elements of S and z = gcd(x, y) and
suppose that z is associated to neither x nor y. Let a = x/z and b = y/z. Then,
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neither a nor b is a unit of S. Therefore, by Theorem 1, there exists an m ≥ 1 such
that either a|bm or b|am. Clearly, gcd(a, b) = 1. Also by [13, Proposition 4.6(3)], we
can conclude that for every n ≥ 1, gcd(a, bn) = gcd(b, an) = 1. Therefore, a or b is
a unit of S, a contradiction. Hence, either x|y or y|x. This finishes the proof. 
Let us recall that a prime ideal p of an integral domain D is called strongly prime,
in the sense of Hedstrom and Houston [10], if whenever x, y ∈ K and xy ∈ p, then
x ∈ p or y ∈ p, where K is the field of fractions of the integral domain D. If every
prime ideal of D is strongly prime, then D is called a pseudo-valuation domain
[abbreviated as PVD]. Inspired by these concepts, we give the following definitions:
Definition 4. Let S be a semidomain.
(1) We define a prime ideal p of S to be strongly prime if whenever x, y ∈ F (S)
and xy ∈ p, then x ∈ p or y ∈ p.
(2) We define a semidomain S pseudo-valuation semidomain (abbreviated as
PVS) if every prime ideal of S is strongly prime.
Proposition 5. Every valuation semiring is a PVS.
Proof. Let S be a valuation semiring and let p be a prime ideal of S. Suppose that
xy ∈ p where x, y ∈ F (S), the semifield of fraction of S. If both x and y are in S,
we are done. Suppose that x /∈ S. Since S is a valuation semiring, we have x−1 ∈ S
[15, Theorem 2.4]. Hence, y = xyx−1 ∈ p. This finishes the proof. 
Remark 6. Let V be a valuation domain of the form
V = K +M := {k +m|k ∈ K,m ∈M},
where K ⊆ V is a field and M is the unique maximal ideal of V , e.g. V = K[[X ]].
Now, let F be a proper subfield of K. Then, it is easy to verify that
R = F +M := {f +m|f ∈ F,m ∈M}
is a subring of V which is a pseudo-valuation domain but not a valuation one (see
Example 2.1 in [10]). The following question is still open for us:
Question 7. Is there any proper semiring which is a PVS but not a valuation one?
Proposition 8. Let S be a PVS. Then, the prime ideals of S are linearly ordered.
Proof. Let S be a PVS. Also, let p be a prime and a an arbitrary ideal of S. Our
claim is that p and a are comparable. If not, then there exist an x ∈ p and s ∈ a
such that x /∈ a and s /∈ p. Note that (x/s) ·s = x ∈ p. Also, since x/s /∈ S, x/s /∈ p.
On the other hand, s /∈ p, contradicting this assumption that p is strongly prime.
Therefore, all prime ideals of S are linearly ordered and the proof is complete. 
Theorem 9. A semidomain S is a PVS if and only if S is local and the only
maximal ideal m of the semiring S is strongly prime.
Proof. It is clear that ⇒ holds. Now, we prove the inverse as follows:
(⇐): Suppose that the only maximal ideal m of the local semidomain S is strongly
prime. Let a be a prime ideal of S and x, y ∈ F (S) and xy ∈ a. If x, y ∈ S, then
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x ∈ a or y ∈ a. Now, suppose x /∈ S. Since xy ∈ m and x /∈ S, we have y ∈ m.
Suppose y /∈ a. Then, y2 /∈ a and so, d = (y2/xy) /∈ S. Note that dx = y ∈ m
while x and d are not elements of m, a contradiction. Thus, y ∈ a and a is strongly
prime. 
Lemma 10. Let S be a PVS. Then, for every x ∈ F (S)− S, x−1p ⊆ p, where p is
a prime ideal of S.
Proof. Since S is a PVS, p is strongly prime. If x ∈ F (S) − S and y ∈ p, then
y = yx−1x ∈ p. Thus either yx−1 ∈ p or x ∈ p. Since x /∈ S, we must have yx−1 ∈ p.
Hence, x−1p ⊆ p. 
Let us recall that a semiring S is local if and only if S − U(S) is an ideal of S,
where U(S) is the set of all unit elements of S (see Example 6.1 and Proposition
6.61 in [6]).
Theorem 11. Let (S,m) be a local semidomain. Then, S is a PVS if and only if
for every x ∈ F (S), either xS ⊆ m or m ⊆ xS.
Proof. (⇒): If x ∈ S, then either xS ⊆ m or m ⊆ xS, depending on whether x is
a nonunit or unit of S. If x ∈ F (S) − S, then x−1m ⊆ m by Lemma 10. Thus,
m ⊆ xm ⊆ xS.
(⇐): We show that m is strongly prime. Let xy ∈ m with x, y ∈ F (S). Assume
x /∈ m, so m ⊆ xS. Therefore, xy ∈ xS, so y ∈ S. If y /∈ m, then y is a unit of S
and so, y−1 ∈ S. This implies x ∈ m, a contradiction. Hence, y ∈ m. 
Theorem 12. Let N = S−U(S) be the set of all nonunit elements of a semidomain
S. Then, the following statements are equivalent:
(1) The semiring S is a PVS with the maximal ideal N .
(2) For each pair of a, b of ideals of S, either b ⊆ a or a · c ⊆ b for every proper
ideal c of S.
(3) For every x, y ∈ S, either yS ⊆ xS or xzS ⊆ yS for every nonunit z ∈ S.
(4) For every x, y ∈ S, either x|y or y|xz for every nonunit z ∈ S.
(5) For every x, y ∈ S, either yS ⊆ xS or xN ⊆ yS.
(6) For every x, y ∈ S, either yN ⊆ xS or xS ⊆ yN .
Proof. (1) ⇒ (2): Let a, b be ideals of S and c be a proper ideal of S. Suppose that
b is not a subset of a and a · c is not a subset of b. So, there exists x ∈ b− a and
yz ∈ a · c for some y ∈ a and z ∈ c such that x/y ∈ F (S)−S and yz/x ∈ F (S)−S.
On the other hand, (x/y)(zy/x) = z ∈ c ⊆ N and neither x/y ∈ N nor yz/x ∈ N ,
which is a contradiction. The implications (2) ⇒ (3) and (3) ⇒ (4) are obvious.
(4) ⇒ (1): Suppose that for every x, y ∈ S and any nonunit z ∈ S, either x|y
or y|xz. Let x be a nonunit element of S and y ∈ S. Then, either x|y or y|x2.
Hence, the prime ideals of S are linearly ordered by Theorem 1. In particular, S is
local with the maximal ideal N [15, Proposition 3.5]. By Theorem 9, we just need
to show that N is strongly prime. Suppose that uv ∈ N for some u, v ∈ F (S). If
u ∈ S or v ∈ S, then it is easy to see that u ∈ N or v ∈ N . Therefore, suppose that
u, v ∈ F (S) − S. We define u = y/x and v = z/w for some x, y, z, w ∈ S. Since
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u = y/x ∈ F (S) − S and uv = yz/xw ∈ N , y|x(yz/xw). Thus, v = z/w ∈ S, a
contradiction. Hence, if uv ∈ N for some u, v ∈ F (S), then u ∈ N or v ∈ N .
It is clear that the statements (4) and (5) are equivalent. Now, we prove that (6)
implies (1).
(6) ⇒ (1): Let x, y ∈ S. It is obvious that (6) implies (5). On the other hand,
(5) and (4) are equivalent. Therefore, similar to the proof of the implication (4) ⇒
(1), we have that either x|y or y|x2. Therefore, the prime ideals of S are linearly
ordered. In particular, S is local with the maximal ideal N . Hence, S is a PVS
by Theorem 11. Finally, the statement (1)⇒ (6) is just a restatement of Theorem
11. 
Theorem 13. Let (S,m) be a local semidomain. If for each x ∈ F (S), xm ⊆ m or
m ⊆ xm, then the set of prime ideals of S is linearly ordered.
Proof. Let p and q be two distinct prime ideals of S with p 6⊆ q. Choose x ∈ p− q.
Our claim is that for any y ∈ q, xy−1m cannot be a subset of m. In the contrary,
take y ∈ q such that xy−1m ⊆ m. So, xm ⊆ ym ⊆ q. Since q is prime, either m ⊆ q
or x ∈ q. The latter condition contradicts choice for x, since x ∈ p− q. Now, if
m ⊆ q, since m is maximal, m = q and since x ∈ p ⊆ m, we have x ∈ m = q, again
a contradiction. Thus yx−1m ⊆ m, so ym ⊆ p. Therefore, either y ∈ p or m ⊆ p.
Now, if m ⊆ p, then m = p, which implies that y ∈ p. Therefore, q ⊆ p and the
proof is complete. 
Let us recall that a prime ideal p of a semiring S is a divided prime ideal of S
if p ⊂ (x) for every x ∈ S − p. A semiring S is divided if each prime ideal of S is
divided [2, Definition 1.3].
Theorem 14. The following statements for a semidomain S are equivalent:
(1) The semiring S is divided.
(2) For every pair of ideals a, b of S, the ideals a and
√
b are comparable.
(3) For every x, y ∈ S, the ideals (x) and √(y) are comparable.
(4) For every x, y ∈ S, either x|y or y|xn for some n ≥ 1.
Proof. (1)⇒ (2): Let S be a divided semiring and a, b two proper ideals of S. Since
S is divided, the prime ideals of S are linearly ordered [2, Proposition 1.5]. Also by
Theorem 1, we can conclude that
√
b = p is prime. So by [2, Proposition 1.5], the
ideals a,
√
b are comparable.
The statements (2)⇒ (3) and (3)⇒ (4) are clear.
(4)⇒ (1): Suppose that for every x, y ∈ S, there is a natural number n ≥ 1 such
that either x|yn or y|x. Let p be a prime ideal of S and w ∈ S − p and z ∈ p. Since
z does not divide wn for every n ≥ 1, w|z. Therefore, p is comparable to every
principal ideal of S. Hence, S is a divided semidomain. 
Corollary 15. Let S be a divided semidomain. Then, the prime ideals of S are
linearly ordered by inclusion.
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